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Game Optimal Receding Horizon Guidance Laws and Its
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In this paper, & game optimal receding horizon guidance law (GRHG) is proposed, which

does not use information of the tHme-to~go und farget maneuvers. 1tis shawn that by adjusting

design parameters appropriately, the proposed GRHG is identical to the existing receding

hotizon guidance law (RHG), which can iritercept the target by keéeping the relative vertical

separation less than the given value, within which the warhéad of the missile s detonated, after

the appropriately selected time 1o the presence of arbitrary target maneuvers and initial relative

vertical separation rates between the target and missile. Through @ simuldtion study, the

performance of the GRHG is itlustrated and compared with that of the existing optimal guidance

law {OGL).
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1. Introduction

The proportional navigation guidance (PNG)
faw has been widely used for more than a few
decades because 1f requires simple implementa-
tion cand low cost. However, the PNG cannot
utilize informdation on autopilot lags even if they

are known. In order to cope with this problém of

the PNG, modern gudance laws such as the
optimal guidance law {(OGL) and game optimal
guidance law (GGL)
widely since the 1960s, despite the Tact that they

have been investigated

require more measurement mformation thin the
PNG (Gerald, 1981; Holder and Sylveser, 1990;
Lin, 1994).

The OGL based on optimal contral theory
assumes that the target’s Tuture maneover is
completely known while the GGL based on
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differential game theory makes no assumption
on future farget maneuvers but instéad considers
the target's maneuver capability. In reality, it is
difficult 1o know the fulure target mansuvers
accurately i advance. Thus, the GGL is less
sensitive W errors in estimate of curfent target
acceleration than the OGL. Performances of the
OGL and GGL are dependent on the estimation
of the tme-to-go, which s commonly approxi-
mated as the range between the target and missile
divided by the closing veloeity. Both of the OGL
and GGL have a degradation of performance
when the time-to-gi is Inaccuriate or unavailable
and thus, may fail 1o intercept the target. Al
though there has been some reséarch on the aceu-~
rate estimation of the time~to-go by using addi-
tional meayurement information and somewhat
coniplicated algorithims (Lee, 1985; Mall ef al.,
1991, additional measurement information can
also be contaminated by woise, and the tme-
to-go gy not be estimated aceurately in the
available sampling tme. On the other hands,
Chot and -Yoon (1999) have analyzed the in-

fluence of guidance commands, generated from a
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point mass model, on the full rigid body model
and proposed an attitude stabilizing strategy.

As dd dppropridte guidance law when ithe
time-to-go i inaccurate or unavailable, Kim el
af .. (20004, 2000b) have
horizon guidance law (RHG),

proposed the receding
which does not
use the time-to~go but is based on optimal con-
trol theory. 1t is shown that the RHG ¢an inter-
cept the target by keeping the relative vertical
sepiaration Tess than the given value, within which
the warhead of the missile 15 detonated, after the

appropriately selected time-even in the presence-of

arbiteary target maneuvers wand initial relative
vertical separation vates between the target and
miissile, Howewer, there are no guidance laws
which dio not use the time-to~go but are based on
differential game theory, Thus, it will be interest-
ing to investigate a guidance law which is based
o receding horizon strategy and  differential
game theory.

In this paper, a game optimal receding horizon
guidarice law (GRHG) is proposed which does
not use information of bath the timesto~go and
target maneuvers. I iy shown that by adjusting
desigh parametérs appropriately, the proposed
GRHEG 1% identical the REHG {Kim eral.; 2000a) .
Through a simtlation study, the ability of the
GRHG 1o intercept the target is illustrated and
the performance of the GRHG 1y compared with
that of the OGL.

2. Game Optimal Guidance Law

The missile-target intercept model can be

depicted as shown in Figo 1 where the follo-
wi‘rw variables are defined; & 15 the line-of-sight

LOS) angle, 7 the missilesto~target range (it is
aEm known as the miss distancel, v the relative
Ay the i

turger velooity, A 1

vertical separation, target dcceleration,

Vy the the target normal
}‘Tﬂ
Vi the missile velocity,
‘an the
missilé normal velocity, 7s the missile flight-path
angle; v the target flight-path angle.

acceleration, Vi the target normal velocity

the missile acceleration,
A the missilée normal acceleration,

The missile~target intercept model depicted in
Fig. 1 is deseribed by the nonlinear differential

Referants

Fig. 1 Intercept geomelry

equations as follows (Ha e al., 1990]:

= Vnlp cos (8 ~cos (0,) ]

and 01y
wie Vo osin (8] ~sin (8] ]

where @, Oy, and g are defined, respectively, by

G, == Yo By Yo Oy 1 rf;‘ V.

Here, 8y is the angle between the missile velocity
vector and the LOS, @ the angle between the
target velocity vector and the LOS, and p the
target-to~missile velocity ratio.

To proceed with-the derivation, it is assumed
that velocities Vy and Ve are constant.-In this
= Vst ye Ve 810 Vo ™= VP

08§ v, and Aue Vv cos yi the dynamics are

case, since

expressed i erms of state variables noymal to the
reference:

NH == FX U+ B () 4 Gl

where

For the dynantics (27, we consider the follow-

ing differential game problens

min g / LALE — AL
A st £
FXT U QX ).

Here, 7 is the target acceleration bound of
differential game problem. The differential game
problem described by (20 and (3} admits «
unigue feedback saddle~point solution, 1t and
only i > ¥ where the threshold value 9% is
defined as follows {Basar, 1991):

e pr00 K1) dees not have & conjugate
point for all £k, £11

Here, K1)

differential Riccati Eqoation:

i the solution of ithe following
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~K{t)=ATK(t)+K () A

N b
KO BBT=y2GGTK ) M

with K¢ == 0. Then, the unique feedback sad-
dle point solution for #& [, 4} is given by

A U} = BIK (1) X8y and
ALl =y CTK ) X (8.

v

The solution Ag.{f) is called game optimal
guidance law {GGLY in this paper.

Since our purpose 1s to make the terminal miss
distance {MD) zero {(Le, v(/) =0), we set the
terminal weighting matrix ¢y as

e 0 ,
¢ 5 i Y
£y i»() (J with ¢
Now, we obtain an explicit Torm of the GGL

under the condition (6). We define K as
. K K
K(ﬂr—wf S
M{‘&g [{3

ferential Equation {4), we obtain

J. Then, from the Riccan Dif-

Ky=—KF{(1=7"%,

Ky=—K— KK (1577,

Ks==2K— K {1-7"%).
Thus, if w==1, then we obtain Ap (1] =A%) =
el tay () F Py () | where tee==fr—1. In order
to obtain. the explicit forms of Ag.(f) and
Az () Tor v=£1, we change (5) to

A (8= [ BYPIH /g (8) TM(#) and
AL =y 2GR g (6 1M ()

where M (#) =P (1) X(t), and P(1) and ¢ (1)
arg obtained, respectively, from

Py =—F P with Pl = L}) and
a)=-] P (BB~ v GG PUo) dr.

For the system (21, P#) and ¢{#) are found
to be

Pi{)‘—*-’[ : } and
Lo

~{y, respectively.

Therefore, the explicit forms of AL (#] and
Al () can be expressed, respectively, as
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(8)
Note that the GGL when =19 15 equal to the

optimal guidance law (OGL) (Holder and
Sylveser, 1990; Lin, 1994) and the PNG (Ha er
al., 1990) when there are no adtopilot lags and
;r\fmz;ilg Since OGL-also uses the navigation
7

constant NV including 3, the OGL with N ig alse
equal to the PNG when there are no autopilot
lags (Holder and Sylvessr, 1990). Based on the
dertvation of this section, we derive game optinal
réceding horizon guidance law and show ils
equivalence to receding horizon guidance law,

3. Game Optimal Receding
Horizon Guidance Law

We consider another guidance problem 1o
mininiize
IS

rrin max LAG (o)~ 2 A 8 Y
M A W {9}

+XTUH+T)Y QX+ T).

Here, 7 is an adjustable design parameter
which is frrespective of the final time #¢ and the
time~to-go fy. We¢ then propose the game
optimal receding horizon guidance law (GRHG)
which is obtained from the following procedure.

{a) At the present time £, the unigue saddle

point solutions for the problem (9), Ay
(r) and AL{r) are obtained for
Yeeld, t+7T).

(b Among these vontrols, only the first con-

trol A (1) [ is vsed,

e} A the next 2, the procedures (o) and (b)

afe repeated.

The navigation constant N is defived as

[?\rf:“—“"‘““”'*'”‘:'g\ Then, according to the above proce-

dure, the proposed GRHG is given by

§10)
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Thus, the proposed GRHG 1% identical to the
RHG (Kim ef al., 2000a) and thus, has the same
property as mentioned in the following. It is
noted that N==3 when y - oo and N — oo when
v L

We assume that the reference is aligned with the
LOS art initial time, i.e., v(0) =0, that the initial
relative vertical separation rate is in the range of
a posifive constant f, ie., | v{0J] <A, that the
target 15 arbitrarily maneuvering in the range of a
positive constant ¢, e, | Aw(f)]|<a. and that
the warhead of the missile is detonated within
some distance Kp by the Tunction of a proximity
fuse.

For any fp>>0 and Kp» >0, the GRHG satisfies

[y (SR for t2 1 (11)

if the following conditions depending on y are
satisfied

for Lyl

% N
Ry2y ! 3; I gt”ﬁ for t‘o\‘?“ ]:L o < T}“%* 1;: ~ff
[ T
UM~ N} NiN{a-N)
where there always exist two free parameters
ylie, N) and 7 satisfying these conditions.
This property means that the proposed GRHG
can intercept the target by using y and T,
irrespective of fg only if fp<ty while with the
OGL and the GGL, the missile can intercept the
target when Jg is accurate. It should benoted that
in order to intercept the target, the terminal MD
has only to be within Kp.
In the next section, the performance of the
proposed GRHG is compared with that of OGL
when the time-to-go is inaccurate and there are

for =1 (12)

no autopilot lags,
4. Simulation Example

Similarly to the simulation example of Kim er
al. (2000a}, it is assuned that Ve=Mach 2, Vi=
Mach 1, yn(0)=-—1 deg, y: (&) =180 deg, »=
5,000 ft, the missile can intercept the target if MD
is below 4 ft, there is no measurement error for

y{#) and »{#), the future target aceeleration is

not known, %&==0, y(0) =0, the missile is not on
a collision course at initial time, e, v{0) =0,
At)=10g, the missile can maneuver in the
range of | A, (#1530 where g is acceleration
of gravity, and g is computed by

fm =

where fgo™ L5 sec at initial time.

From the assumptions, | Awm (< 10g(=a)
and [y (0)]=] V/sin y,(0) — Vi sin 7:(0) | <389
ft/s(=4).

Then, the GRHG 15 designed to keep the lateral
MD less than 4 f1{=Rp) from fpto the intercept
time. From Eg. (11), we know that | y(#)]|=
3.35 ftdor ¢ 24y sec with the pair (fp=0.5, y=2,
T'=0.2 sec}. For the OGL (or PNG), we set N
as N=13,

Figure 2 shows that | v (#)1<3.35 Ff for £ 205
SeC,

The fzo with estimation errors is modeled as
follows {Nesline et al., 1979):

l?g‘o;_"ﬂtgo“!“bw
where @ is a scale factor error and & is a bias
error. In the model, the [ is accurate when g=1
and §=10.

The terminal MD at {=1.5 sec is shown when
a=07+01{k~1) in Fig. 3 and b=—0.15-+0.05
{(B—1) in Fig. 4 for k=1, 2, -, 7. It is noted that
the fge 15 accurate when }ewd, Figures 3 and 4
shiow terminal miss distances for each o when
b==0 and for each & when a=1, respectively.
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Fig. 2 Relative vertical separation y of GRHG
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Fig. 4 The effect of a biag error i

As shown in Figs. 3 and-4, as-errors in e
increase with the performance of the OGL
degrades rapidly and the missile with the OGL
faily to intercept the targer, whereas the perform-
ance of the GRHG 15 not alfected by dye. The
fatlure 1o mtercept the target Occurs because the
OGL iy saturated when the time=to-go has grrors.
The saturated feedback of the OGL increases with
the terminal MDY and then, eauses a fatlure 1w
intercept the farget, even i the time-to-go is
accurate near the final time 75

5. Conclusion
In this paper, a game optimal receding horizon

guidance Taw (GRHG) has been proposed. 1t is
shown that the proposed GRHG iy identical to
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the receding horizon guidance law (RHG) (Kim
et al., 2000a) by adjusting design parameters
approprigely. The proposed GRHEG ¢an witereept
the target by keeping the relative vertical separa-
tion less than the given value, within which the
warhead of the missile 35 detonated, after the
appropriately selected time-gven in the presence of
arbitrary target maneuvers and inital relatve
vertical separation rates between the target and
missite. Through a simulation study, the perfor-
marice of the GRHG s illustrated and compared
with the existing optimal guidance law (OGL),
The performunces of the optimal guidarice law
OGL)
GGL) are dependent on the estimation of the

and the game optimal guidance law

time-to~go and thus, they have a computational
burden for estimating the tme-to-go. For this
reason, the proposed GRHG and RHG (Kim er
al., 2000a) can be appropriate guidance laws
when the tire~to=go is maccurate or unavailable,
such as when the time~to~go cannot be estimated
accurately in the available sampling time:
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